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FOR  CRACK  TIP  STRESS*  1 
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ABSTRACT 


Our  recent  calculations  on  crack  tip  stresses  [1,2,]  were  scrutinized 
by  Atkinson  {3],  suggesting  that  our  scheme  of  calculations  is  not  uniform  and 
the  solution  of  the  problem  may  not  actually  exist.  Here  we  show  that  these 
difficulties  arise  because  of  the  use  of  incorrect  boundary  conditions  by 
Atkinson.  Also,  we  give  an  exact  solution  of  a  problem  which  refutes  the 
suggested  inexistence. 


1 .  INTRODUCTION 

Recently,  we  gave  solutions  of  some  crack  problems  within  the  context 
of  the  theory  of  nonlocal  elasticity.  It  was  shown  that  [1,2]  in  nonlocal 
elasticity,  crack  tip  singularity  does  not  exist  and  the  hoop  stress  reaches 
a  maximum  Just  outside  crack,  adjacent  to  it.  By  equating  this  maximum  to  the 
cohesive  stress,  we  can  find  the  ultimate  stress  at  which  crack  begins  to  pro¬ 
pagate.  In  this  way,  it  was  possible  to  establish  a  fracture  criterion  based 
on  maximum  stress  hypothesis.  Cohesive  stress  calculations  and  several  other 
findings  indicated  excellent  agreements  withthe  results  of  the  atomic  lattice 
dynamics  and  Griffith  theory. 

*The  present  work  was  supported  by  the  Office  of  Naval  Research. 
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Atkinson  [3],  by  analyzing  the  one-dimensional  model,  suggested  that 
our  scheme  of  calculation  may  have  a  non-uniform  character,  and  the  problem 
posed  and  solved  numerically  may  not  actually  possess  a  solution.  Here,  we 
show  that  this  is  not  the  case.  Had  he  used  the  correct  boundary  condition  in 
analyzing  the  hoop  stress,  these  questions  do  not  arise.  Basically,  Atkinson's 
difficulty  is  due  to  the  use  of  the  infinite  range  (-«,  »)  in  calculating 
the  integral  for  the  stress  within  the  crack  surface  and  using  nonlocal 
kernels  without  support.  More  precisely,  the  influence  of  strains  outside 
crack  line  must  be  excluded  in  calculating  the  stress  within  the  crack.  Other¬ 
wise,  an  incompatibility  will  exist  in  the  boundary  conditions. 

We  also  give  the  exact  solution  of  a  problem  which  indicates  that  the 
solution  of  the  one-dimensional  crack  with  a  given  load  distribution  exists. 


2.  NON-LOCAL  ELASTICITY 

Basic  equations  of  linear,  isotropic,  nonlocal  elasticity  [4,5]  with 
vanishing  inertia  and  body  forces  consist  of  equations  of  equilibrium. 


(2.1)  .0  in  1/ 


and  constitutive  equations 


t 


kJl 


a(|x'-x|)  dv{x’) 


(2.2) 
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3.  ONE-DIMEHSIONAL  MODEL 

The  one-dimensional  model  discussed  in  [1]  is  defined  by 

(3.1) 


r^TOWK-nir 
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subject  to  boundary  conditions 

(3.2)  tyy(>^*0)  =  “  tg(x)  ,  lx|  <  t 

v(x,0)  =0  ,  |x|  >  £ 

V  -►  0  as  y  -*•  * 

2 

Here,  y  =  u/(X+2u),  v  is  the  y-component  of  the  displacement  field,  t^y 
is  the  normal  stress  given  by 

00 

(3.3)  *  a(|x'-x|)  ayy(x',y)  dx'  ,  y>0 

•00 

where 

(3.4)  Oyy  «  (X  +  2U) 

It  is  important  to  remember  that  (3.3)  is  valid  for  y>0.  Since  at  y  =  0 
there  is  a  crack  located  at  |x(  <£  ,  y  =  0,  the  influence  of  strains  in 
|x|  >  l  on  the  stress  in  [xl  <  2,  are  forbidden  so  that  the  boundary  con¬ 
dition  (3.2)^  reads 

i 

(3.5)  (X+2y)  a(|x'-x|)  l^-i^S^dx*  =  -  to(x)  ,  jx|  <  £ 

-£ 

As  we  stated  in  [1],  the  one-dimensional  model  cannot  be  derived 
rationally  from  the  field  equations  so  that  we  place  no  faith  in  this  model. 
It  was  treated  for  computational  reasons  in  support  of  the  two-dimensional 
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solution  discussed  there.  Since  It  was  considered  by  Atkinson  at  length 
to  discuss  the  questions  of  non-uniformity  In  calculations  and  possible 
failure  of  the  existence  of  solution,  we  consider  these  questions  in  the 
context  of  correct  mathematical  and  physical  considerations. 

Several  non-local  kernels  are  possible.  We  mention  three: 

(3.6)  a(|x|)  *  1(1  -M)  ,  |x|<a 

*  0  ,  1x1  >  a 

(3.7)  cxdxl)  *  ^  exp[-  (f)^  x^] 

a/T  ® 

(3.8)  a(lxl)  =  |e"^l''l 

Note  that  all  these  kernels  are  Dirac  delta  sequence,  but  only  (3.6)  has  a 
iinitz  AuxvoAt. 

To  clarify  the  physics  of  the  problem,  let  us  examine  the  nature  of 
the  boundary  conditions.  In  Fig.  1  there  Is  shown  a  perfect  lattice  with  a 
crack  of  length  Zl  .  It  is  clear  that  an  arbitrary  load  can  only  be 
applied  In  the  region 

(3.9)  !x|  <  a  -  a 

where  a  Is  the  atomic  distance.  Therefore,  the  support  of  the  kernel 

a(lx|)  must  be  finite  as  In  (3.6)  and  then  the  range  of  the  applied  stress 

cannot  be  all  the  way  to  x*  + a.  If  we  pass  to  the  nonlocal  continuum  limit 

this  Implies  that  the  kernel  o((x()  must  be  cut  off*  at  x«+ a  or  else  an 

*In  fact,  the  absence  of  this  cut-off  Implies  that  there  Is  no  crack  In 
the  perfect  lattice  unless  we  introduce  an  edge  dislocation  (finite  jump  In 
V  for  (x(  <  a  )  together  with  the  applied  load. 
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■inhomogmzoui  kernel  a(x,x‘)  must  be  used  within  regions 
(3.10)  -£  <  X  <  -i,  +  a  ,  Z-a  <  X  <  Z 

when  (3.6)  is  employed.  Kernels  (3.7)  and  (3.8)  do  not  possess  finite  support. 
Therefore,  they  must  be  cut  off  for  |xj  ^  Z  . 

From  the  mathematical  point  of  view,  it  is  clear  that  if  tyy(x,0) 
is  calculated  by 


(3.11)  tyy(x,0) 


(X+2u) 


00 

adx'-xj) 

•  00 


3v(x'.0) 

3y 


dx' 


-  tQ(x)  , 


in  general,  boundary  conditions  (3.2)^  and  (3.2)2  ■cncompatcblz.  This 

is  because  v(x,0)*0  is  already  specified  for  jxj  ^  s,  and  that  prescip- 

tion  of  hi  <  imposes  conditions  on  3v/9y  within  the' 

comnon  region  to  the  support  of  a(|x|)  and  |x|  >A  .  In  the  case  of  the 

kernel  (3.6),  this  region  is  given  by  £  <.  |xj  £  £  +  a  ,  for  kernels  (3.7) 

and  (3.8),  it  is  the  entire  region  [xj  >  £  . 

Atkinson  investigates  the  behavior  of  stress  t^^  by  using  (3.11)  in 

the  crack  region  and  finds  that  the  boundary  condition  is  satisfied  uniformly 

for  |xl  <  £-a  ,  as  a  +  0,  but  in  the  regions  £-a  <  lx|<£  (one 

atomic  distances  near  the  crack  tips!),  t  does  not  approach  to  its  constant 

yy  ^ 

value  uniformly  as  a  +  O  (in  the  case  of  kernels  (3.7)  and  (3.8)  as  8-^0)  . 

In  Section  4  below,  we  will  show  that:  If  the  correct  boundary 
conditions  (3.5)  for  t^^  is  used,  then  the  boundary  condition  on  t^^ 
is  satisfied  uniformly. 

it 

Perhaps  what  misled  him  to  these  conclusions  is  a  missing  statement  from 
our  work, that  the  Fourier  transform  of  (3.11)  is  only  an  approximation  to  that  of 
the  exact  boundary  condition  (3.5). 


4.  EVALUATION  OF  THE  STRESS 


The  Fourier  representation  of  v(x,y)  satisfying  (3.1)  and 
is  given  by 

oo 

(4.1)  v(x,y)  =  (2/it)^  A(k)  cos(kx)  dk 

o 


In  [l]  for  A(k)  we  employed 

(4.3)  A(k)  =  A^(k)  =  t  tQ[2v(X+2y)/u]‘^  Jl(kt)/k 

which  is  the  exact  solution  of  the  same  problem  in  classical  elasticity. 
Clearly  (4.3)  satisfies  (4.2)2  identically  and  for  (4.2)^  gives 

l 

(4.4)  *  *  a(lx*-x|)  dx'  0<x<i 

-I 

Evaluating  this  integral  with  a(|x|)  given  by  (3.8),  we  obtain: 


(4.5) 


tyy/tg  *  -1  +e"^  coshSx  ,  lx|<i 


Using  the  reasoning  of  Atkinson  [3],  we  set  ex  =  X  ,  then 


(4,6) 


Pj.(x,6)  =  (tyy  +  tQ)/tQ  =  e"^  cosh  X 


From  this  it  is  clear  that  as  6-^“  ,  for  x<2'  ,  Pj.(x,g)  tends  to  zero 
uniformly  in  g  . 

At  the  crack  tips,  x  =  +  il  ,  which  is  not  included  in  the  region  of 
validity  of  (4.5),  we  have 


(4.7) 


Pc(«<.3) 


as  g 


A  similar  situation  is  valid  for  the  kernel  (3.7): 


(4.8)  t  /tQ  =  -  ]■  <t[g(jt  +  x)/a]  -  j  $[g(£-x)/a] 


where  $(z)  is  the  Fresnel  integral  defined  by 


(4.9) 


$(z)  =  ~  e"^  dx 

/T 


For  the  kernel  (3.6),  we  find 


(4.10) 


tyy/^0  ’  • 

■  ■  I  ‘  a  *  2a  ^  ’ 


0  <  X  <  l-i 


£-a  <  X  <  ^ 
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which  shows  that  the  boundary  conditions  on  stress  is  satisfied  all  the  way 
up  to  one  atomic  distance  away  from  the  crack  tip.  Beyond  this,  t  goes 
from  -tQ  at  jxj  =  £-a  to  -to/2  at  |x|=£  . 

The  stress  field  outside  the  crack  is  given  by 


(4.11) 

If  we  let 


(4.12)  x'  =  £  cosh  y 
This  integral  becomes 

00 

■ 

(4.13)  ^yy'^^O  *  ^  e"^a(|£coshy  -  x|)  dy 

. 

0 

which  is  bounded  for  all  x>£  . 

If  we  use  the  kernel  (3.8)  and  carry  out  the  integration  in  (4.13) 
for  x  =  £  ,  we  obtain 

(4.14)  tyy/tQ  =  K^(B)l)  -  j 

where  K^(x)  is  the  Bessel's  function.  For  large  ,  this  gives 

(4.15)  C  -  (B)l)‘^P(t)  =  =  0.8 

*Note  that  in  this  region,  a(lx|)  is  not  normalized  to  unity.  If  we 
normalize  it  by  dividing  it  with  its  area  (which  is  1/2  at  (x|  ®  £)  ,  we 
would  obtain  t  y»-tQ  at  |x|  *  £. 


where 


(4.16)  P{1)  B  Ctyy(£.0)/tQ]  +  1  . 

For  the  kernel  (3.6),  the  integration  of  (4.13)  gives 

(4.17)  tyy(x,0)/tg  =  6  f(x)  , 
where 

(4.18)  f(x)  *  1  -  f  +  I  (f)^  -  2  f  [(x/a)^-!]^' -  ^  ^ 

+  (1  +  |)  [(^)^-l]^  -  f  (x/t)^  + 

+  f  Arch(x/£)  -  ^  Arch  (^)  +  ^  (^; 

-  n 

For  x  =  £  ,  we  obtain  the  hoop  stress  at  the  crack  tip. 

(4.19)  tyy()l,0)/tg  *  -  ^  +  (2a/a)^  (1 .  I 

exactly.  For  large  i/a  ,  this  gives 

(4.20)  tyy(il,0)/tg  =  -  j  +  I  (2Jl/a)^ 
Consequently, 

(4.21)  C  =  (a/2Jl)^  P(l)  »  I  . 


f  [(xA)2.1]^ 

2 

£  <  x  <  £  +  a 

(£/a)2  Arch(l+f) 


These  results  compare  well  with  our  previous  computer  results  given  in  [1]. 


We  notice  that  the  hoop  stress  experiences  a  jump  discontinuity 
across  crack  tips  (Figure  2).  This  is  as  expected,  since  the  region  of 
influence  of  strains  on  stresses  within  and  outside  the  crack  were  terminated 
at  crack  tips.  By  employing  an  inhomogeneous  kernel  a(x,x')  that  vanishes 
at  crack  tips,  continuity  in  the  stress  field  can  be  maintained  across  the 
tips.  However,  in  this  case,  the  mathematical  problem  becomes  much  more 
difficult  to  tackle. 


5.  QUESTION  OF  EXISTENCE 


In  order  to  understand  the  correct  behavior  of  the  hoop  stress  at  the 
crack  tips,  x  =  +_2.  ,  we  note  that  for  a(lx|)  given  by  (3.8)  by  differen 

tiation  from  (3.5),  we  get 

(5.1)  »yy  " 

which  is  valid  also  for  (3.3).  At  first  sight,  it  appears  that  t^^  =  -tp  = 
const.  in  |x|  £  2.  gives  =  -  tg  *  const.,  so  that  the  classical 

elasticity  solution  for  v  is  in  fact  the  solution  of  the  nonlocal  problem. 
The  fact  that  this  is  not  the  case  can  be  seen  if  we  set  °yy"“  ~  const., 

in  (3.5)  we  get  (4.5).  This  is  because 

(5.2)  tyy  *  -  tg  +  A  e'®^  +  B  e^^ 

where  A  and  B  are  constants,  also  gives  <^yy~~'^Q  ~  const..  Clearly, 

Eq.  (5.1)  is  not  equivalent  to  Eq.  (3.5)  unless  we  adjoin  to  it  two  appro¬ 
priate  boundary  conditions  at  x-+z.  In  the  case  of  (3.3),  these  con¬ 
ditions  are  x  =  +  <»  .  In  the  case  of  (3.5),  the  region 

1x1  ^  Jl  is  forbidden  for  the  calculation  of  t^y  in  the  crack  region 
1x1  <  A  .  Similarly,  for  the  evaluation  of  the  stress,  t^^  outside  the 
crack,  the  region  1x1  <  2,  is  forbidden. 

In  Section  3  of  [3],  Atkinson  employs  an  integral  equation  (his  Eq. 
(3.5))  to  demonstrate  that  the  solution  of  the  problem  (using  still  another 
kernel)  may  not  exist.  Under  the  correct  boundary  conditions  (4.2),  (his 
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Eq.  (3.5))  will  have  to  be  modified  to  eliminate  the  effect  of  strains  in 
|x|  ^  t  on  the  stress  in  |x|  <«,  .  On  the  basis  of  the  correct  integral 
equation  that  replaces  his  Eq.  (3.5),  it  can  be  seen  that  all  of  his  arguments 
regarding  inexistence  are  no  longer  valid. 

For  the  stress  boundary  condition  (4.5),  in  fact  the  boundary  conditions 
are  satisfied  exactly.  v(x,y)  is  identical  to  the  classical  solution,  the 
hoop  stress  t^y  for  x  >  i  is  given  by  (4.13)  which  has  no  singularity. 

We  have  therefore  found  an  exact  solution  of  the  problem.  This 
solution  also  uniformly  approximates  the  case  of  constant  loading  for  large 

,  to  a  very  high  degree  of  accuracy  in  |x|  <t  .  For  example,  for 

-8  “4 

Steel  a  =  2.48x10  cm.  Even  for  a  microcrack  of  length  2£  =  6x10  cm. 

4 

we  have  St  =  10  so  that  the  error  in  t^^  is 

(5.3)  Pj.  =  jexpC-  10^(1  -  x/t)] 

If  we  accept  an  error  P_<10  ^  ,  t  will  be  nearly  constant  all  along  the 

c  yy 

crack  up  to  the  point 

(5.4)  x/£  =  1-3x10'^  £n(20) 

for  kernels  having  finite  support  such  as  (3.6).  The  error  in  the  satis¬ 
faction  of  the  boundary  condition  on  stress  begins  only  in  intervals  within 
one  atomic  distances  from  the  crack  tips. 
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6.  CONCLUSION 

The  non- uniformity  in  the  satisfaction  of  the  stress  boundary 
conditions  and  possible  failure  of  existence  of  solution  noted  by  Atkinson 
[3]  is  due  to  his  use  of  the  infinite  range  for  the  integral  for  analyzing 

I 

the  stress  near  crack  tips.  In  nonlocal  elasticity,  the  stress  at  a  point 

is  influenced  by  strains  at  all  other  points  within  the  support  of  the  | 

kernel .  If  the  kernel  has  no  support,  this  brings  the  influence  of  strains 

at  points  outside  the  crack  to  the  stress  specified  within  the  crack.  If 

the  support  of  the  kernel  is  finite,  then  only  the  set  of  points  within  the 

intersection  of  the  support  and  the  complement  of  the  set  of  points  in  the 

crack  region  influences  the  stress.  This  is  not  compatible  with  the  sped- 

fication  of  the  displacement  field  in  this  common  region  which  is  outside 

i 

the  crack.  To  restore  the  compatibility  to  the  mixed  boundary  conditions, 

we  must  exclude  the  influence  of  strains  on  the  stress  in  the  common  re-  j 

‘  1 

gions,  to  the  support  of  the  kernel  and  the  outside  crack.  This  can  be  done  j 

either  by  limiting  the  range  of  integration  to  the  crack  length  or  by  using 

an  inhomogeneous  kernel  (in  regions  near  the  crack  tips)  whose  support  is 

confined  to  the  crack  line,  varying  with  distance  from  the  crack  tip.  This 

latter  approach,  while  correct  mathematically,  is  cumbersome  and  presents 

major  analytical  difficulties.  Nevertheless,  it  indicates  that  a  solid  with 

surfaces  and  cuts  is  an  inhomogeneous  body  and  the  use  of  homogeneous  kernels 

represents  an  approximation. 


MteiiiMirilaMilihiaiitt 
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After  this  work  was  completed,  it  was  brought  to  my  attention  that 
Prof.  Atkinson  published  another  paper  on  the  same  questions  related  to 
the  plane  shear,,  plane  stress  and  antiplane  shear  problems  (Arch. 

Mech. ,  32,  4,  pp.  597-614,  Warszawa,  1980).  In  this  paper,  he  uses  the 
same  type  of  wrong  boundary  conditions  discussed  above.  Hence  the  present 
conclusions  are  valid  for  this  paper  as  well. 
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<y(«ri)  {or 


Figure  1;  a)  Perfect  lattice  with  loaded  crack. 

b)  Influence  kernel  a(|xt)  for  nonlocal  continuum.  . 
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Offiea  of  Naval  Raaaareh 
Wcatem  Regional  Offiea 
1030  Eaat  Green  Street 
Paaadana,  California  91106 

Naval  Raaaareh  Laboratory  (6) 

Code  2627 

Waahington,  D.C.  20375 

Oafanaa  Taehnieal  Znfomation  Cancer  (12) 
Caaeroo  Station 
Alexandria,  Virginia  22314 

Isa. 

Ondaraaa  Cxploaion  Raaaareh  Diviaion 
Naval  Ship  Raaaareh  and  Davalopaant 
Center 

Norfolk  Naval  Shipyard 
Portaaouth,  Virginia  23709 
Attn:  Or.  S.  Palaar,  Coda  177 


Navy  (Con't.) 

Naval  Raaaareh  Laboratory 
Waahington,  D.C.  2037$ 

Attn:  Coda  8400 
8410 
8430 
8440 
6300 
6390 
6380 

David  tf.  Taylor  Naval  Ship  Reaaarch 
and  Davalopaant  Caatar 
Annapolia,  Maryland  21402 
Attn:  Coda  2740 
28 
281 

Naval  Waapona  Canter 
China  Lake,  California  93555 
Attn:  Coda  4062 
4520 

Coaaanding  Officer 

Naval  Civil  Engineering  Laboratory 

Coda  U1 

Port  Ruencaa,  California  93041 

Naval  Surface  Waapona  Canter, 

White  Oak 

Silver  Spring,  Maryland  20910 
Attn:  Code  R-10 
G-402 


Taehnieal  Director 

Naval  Ocean  Syatana  Center 

San  Diego,  California  92152 

Suparviaor  of  Shipbuilding 
D.S.  Navy 

Newport  Newt,  Virginia  23607 

Navy  Onderwater  Sound 
Raferenee  Diviaion 
Naval  Raaaareh  Laboratory 
P.O.  Box  8337 
Orlando,  Florida  32806 

Chief  of  Naval  Oparationa 
Dapartaent  of  the  Navy 
Vaahingcea,  D.C.  20350 
Attn:  Cede  OP-098 
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Hivy  (Coa't*) 

Strategic  Syateaa  Project  Office 
OepartoMot  of  the  Nary 
Weahington,  D»C.  20376 
Attn:  NSP-200 

tf 

Naval  Air  Syetena  Ccanand 
Departaent  of  the  Navy 
Weahingtoot  0*C«  20361 

Attn:  Code  5302  (Aaroapace  and  Structuree) 
604  (Technical  Library) 

320B  (Stmctorea) 

Naval  Air  Developaant  Center 
Varainater,  Penney Ivania  18974 
Attn:  Aaroapace  Maehaaica 
Code  606 

O.S.  Naval  Aeadeay 
Engineering  Oepartaant 
Annapolis.  Maryland  21402 

Naval  Facilities  Engineering  Coaaand 
200  Stovall  Street 
Alexandria.  Virginia  22332 
Attn:  Code  03  (Seseareh  and  OavelopaMat) 
04B 
045 

14114  (Technical  Library) 

Naval  Sea  Systeas  Ccnand 
Oepartnent  of  the  Navy 
Vaahington.  D.C.  20362 
Attn:  Code  OSH 
312 

322 

323 
09K 
321 


Navy  (Con't.) 

Connander  and  Director 
David  V.  Taylor  Naval  Ship 

Besearch  and  Developaant  Center 
Bethesda.  Maryland  20084 
Attn:  Code  042 
17 

172 

173 

174 
1800 
1844 

012.2 

1900 

1901 
1945 
1960 
1962 

Naval  Ondervater  Systeas  Center 
Newport.  Bhode  Island  02840 
Attn:  Bmce  Sandaan,  Code  3634 

Naval  Surface  Veapons  Center 
Dahlgren  Laboratory 
Dahlgrcn.  Virginia  22448 
Attn:  Code  GOA 
C20 

Technical  Director 
Mare  Island  Naval  Shipyard 
Vallejo.  California  94592 

O.S.  Naval  Postgraduate  School 

Library 

Code  0384 

Mtonterey.  California  93940 

Hebb  Institute  of  Naval  Architecture 
Attn:  Librarian 
Crescent  Beach  toad.  Glen  Cove 
Long  Island.  New  York  11542 


Amy 

Co—anding  Officer  (2) 

O. 8.  Amy  Besearch  Office 

P. O.  Bex  12211 

Besearch  Triangle  Park.  NC  27709 
Attn:  Mr.  J.  J.  Murray.  CBD-AA-XP 


Axmr  (Coa't.) 

RkCtrrlict  Arsaaal 
HAGG8  Ratcareh  C«attr 
Hatarrliat,  Maw  York  12189 
Atta:  Oiraetor  of  Raaaareh 

U.S«  krmf  Katariala  aad  Maehaaiea  . 
Raaaareh  Caatar 

Vatartova,  Kaaaaehuaacta  02172 
Atta:  Dr.  R.  Shaa,  ORZKR^-T 

D.S.  Axmf  Miaaila  Raaaareh  aad 
Daralopaaat  Caatar 
Radatoaa  Seiantifie  Xaforaatioa 
Caatar 

Chiaf,  Doeuaaat  Saetioa 
Radatoaa  Araaaal.  Alabaaa  3S809 

Army  Raaaareh  aad  Davalopaaat 
Caatar 

Fort  Balvoir,  Virgiaia  22060 
RASA 

Natioaal  Aaroaautiea  and  Spaea 
Adadaiatratioa 
Serueturaa  Raaaareh  Oiviaioa 
Laaglay  Raaaareh  Caatar 
Langlay  Station 
Baaptoa,  Virginia  23365 

Rational  Aaroaautiea  aad  Spaea 
Adainiatration 

Aaaoeiata  Adaiaiatrator  for  Advaaead 
Raaaareh  aad  Taehnology 
Vaahiagtoa,  D.C.  20SA6 

Air  Forca 

'  Vright-Fattaraoa  Air  Forea  Baaa 
Dayton,  Ohio  A5A33 
Atta:  AFFDL  (FB) 

(FBB) 

(FBB) 

(FBS) 

ATM.  (MBM) 

Chiaf  Appliad  Maehaaiea  Creap 
D.S.  Air  Forea  Zaatituta  of  Taehaology 
Vright-Fattaraea  Air  Forea  Baaa 
Dayton,  Ohio  45433 
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Air  Forea  (Coa't.) 

Chiaf,  Civil  Bagiaaariag  Braneh 
ULRC,  Raaaareh  Diviaioa 
Air  Forea  Vaapoaa  Laboratory 
Rirtland  Air  Forea  Baaa 
Albuquarqua,  Raw  Maxieo  87117 

Air  Forea  Offiea  of  Seiantifie  Raaaareh 
Bolling  Air  Forea  Baaa 
Maahington,  D.C.  20332 
Atta:  Maehaaiea  Diviaioa 

Dapartaant  of  tha  Air  Forea 
Air  Dnivaraity  Library 
Hawaii  Air  Forea  Baaa 
Montgoaary,  Alabaaa  36112 

Othar  Covarnaant  Aetivitiaa 

Conaandant 

Chiaf,  Taatiag  aad  Oavalopaaet  Diviaioa 
D.S.  Coaat  Guard 
1300  B  Straat,  RD. 

Vaahiagtoa,  D.C.  20226 

Taehaieal  Diraetor 
Marina  Corpa  Davalopaaat 
aad  Cdueatioa  Coaaand 
Quaatieo,  Virginia  22134 

Diraetor  Dafaaaa  Raaaareh 
aad  Eaginaariag 
Taehaieal  Library 
Rook  3C128 
The  Foatagoa 
Vaahiagtoa,  D.C.  20301 

Dr.  M.  Gaua 

Rational  Seianea  Foundation 
Eavirooaaatal  Raaaareh  Diviaioa 
Vaahiagtoa,  D.C.  20550 

Library  of  Coagraaa 

Seianea  and  Technology  Diviaioa 

Vaahiagtoa.  D.C.  20540 

Oiraetor 

Dafaaaa  Ruelaar  Agaaey 
Vaahiagtoa,  D.C.  20305 
Atta:  SPSS 
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OthT  CoTTa—ot  ActiTiti«t  (Con't) 

Mr.  JaroM  Panh 
Staff  Spaeialiat  for  Matarimla 
and  Scxueturaa 
OUSDK&E,  Tha  Pantason 
loon  3DI089 

tfaahington,  D.C.  20301 

Chiaf,  Airfrana  and  Equipaant  Branch 
FS-120 

Offiea  of  Flight  Standarda 
Fadaral  Aviation  Agancp 
Vaahingtont  0*C«  20SS3 

Eational  Aeadanp  of  Seianeaa 
National  laaaareh  Council 
Ship  Hull  laaaareh  Coanittaa 
2101  Conatitution  Avanua 
Waahington,  D«C«  20418 
Attn:  Mr.  A.  I.  Ljtla 

National  Scianea  Foundation 
Enginaaring  Maehanies  Saetion 
Division  of  Enginaaring 
Washington,  D.C.  20S50 

Picatinnp  Arsanal 

Plasties  Technical  Evaluation  Cantar 
Attn:  Technical  Infonation  Saetion 
Dover,  New  Jarsay  07801 

Merit ina  Adsdnistration 
Offiea  of  Maritiaa  Technology 
14th  and  Constitution  Avenue,  NW. 
Washington,  D.C.  20230 

PAST  2  -  Contractors  and  Other  Technical 
Collaborators 

Pnivarsitias 

Dr.  J.  Tinsley  Odan 
Uhiversity  of  Texas  at  Austin 
345  Engineering  Scianea  Building 
Austin,  Texas  78712 

Professor  Julius  Miklowits 
California  Institute  of  Taehnology 
Division  of  Engineering 
and  Applied  Seianeas 
Pasadena,  California  91109 


Onivarsitias  (Con't) 

Dr.  Harold  Liabowits,  Dean 
School  of  Enginaaring  and 
Applied  Science 
Caorga  Washington  Oniversity 
Washington,  D.C.  200S2 

Professor  Eli  Stambarg 
California  Institute  of  Technology 
Division  of  Engineering  and 
Applied  Sciences 
Pasadena,  California  91109 

Professor  Paul  M.  Naghdi 
University  of  California 
Dapartaant  of  Mechanical  Enginaaring 
Berkeley,  California  94720 

Professor  A.  J.  Duralli 
Oakland  University 
School  of  Enginaaring 
Rochastar,  Missouri  48063 

Professor  F.  L.  DiMaggio 
Coluabia  University 
Dapartaant  of  Civil  Engineering 
Nav  York,  New  York  10027 

Professor  Noraan  Jonas 

The  University  of  Liverpool 

Dapartaant  of  Mechanical  Enginaaring 

F.  0.  Bex  147 

Bromlow  Hill 

Liverpool  L69  3BX 

England 

Professor  E.  J.  Skudrzyk 
Pennsylvania  State  University 
Applied  Rasaarcb  Laboratory 
Dapartaant  of  Physics 
State  Collage,  Pennsylvania  16801 

Professor  J.  Closnar 
Polytechnic  Institute  of  New  York 
Dapartaant  of  Mechanical  and 
Aareapaca  Enginaaring 
333  Jay  Street 
Brooklyn,  New  York  11201 

Professor  I.  A.  Schapary 
Texas  AAN  University 
Dapartaant  of  Civil  Eaginaaring 
Collage  Station,  Texas  77843 
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OniT«rtiti>«  (Con't*)  Dniv«r>iti«i  (Coa't) 

Pre£«*aor  Valtar  D.  Pilkay  Profaaaor  A.  C.  Eringan 

Oaivaraicy  of  Virgiala  Princaton  Ualvaraity 

laaaarch  Laboraeoriaa  for  tha  Dapartaaat  of  Aarospaca  aad 

Eagiaaariag  Seiaaeaa  aad  Maehaaieal  Seiaaeaa 

Appliad  Seiaaeaa  Priaeatoa,  Hav  Jaraay  08S40 


Charlottaavilla,  Virgiaia  22901 

Profaaaor  E.  0.  VlllMrt 
Clarkaoa  Collaga  of  Tachaology 
Dapartaaat  of  Maehaaieal  Eagiaaariag 
Potadaa,  Rav  York  13676 

Dr.  Raltar  E.  Haialar 
Taxaa  AAM  Uaivaraity 
Aaroapaea  Eagiaaariag  Dapartaaat 
Collaga  Statioa,  Taaaa  77843 

Dr.  Buaaaia  A.  Eaaal 
Oairaraity  of  Arizoaa 
Dapartaaat  of  Aaroapaea  aad 
Maehaaieal  Eagiaaariag 
Tueaoa,  Arisoaa  83721 

Dr.  S.  J.  Faavaa 
Caraagia-Malloa  Daivaraity 
Dapartaaat  of  Ciril  Eagiaaariag 
Sehaalay  Park 

Pittaburgh,  Paoaaylraaia  15213 

Dr.  Eoaald  L.  Huatoa 
Dapartaaat  of  Eagiaaariag  Aaalyaia 
Uairaraity  of  Ciaeiaaati 
Ciaciaoati,  Ohio  43221 

Profaaaor  C.  C.  M.  Sih 
Lahigh  Daivaraity 
Xaatituta  of  Fraetura  aad 
Solid  Naehaaiea 
Bathlahaa,  Paaaaylvaaia  18015 

Profaaaor  Albart  8.  Eobayaahi 
Ohiraraity  of  Haahiagtoa 
Dapartaaat  of  Maehaaieal 'Eogioaariag 
Saattla,  Vaahiagtoa  98105 

Profaaaor  Daaial  Fradariek 
Virgiaia  Polytaehaie  Xaatitnta  aad 
Stata  OBivaraity 

Dapartaaat  of  Eogioaariag  MBehaaiea 
Blaekaborg,  Virgiaia  24061 


Profaaaor  E.  B.  Laa 

Staoford  Doivaraity 

Diviaioo  of  Eogioaariag  Meehaaiea 

Staoford,  Calif oroia  94305 

Profaaaor  Albart  1.  Eiog 
Vayaa  Stata  Doivaraity 
BioBaehaoiea  Baaaareh  Caotar 
Datroit,  Miehigao  48202 

Or.  V.  E.  Bodgaoo 
Wayoa  Stata  Doivaraity 
Sehool  of  Madieioa 
Datroit,  Miehigao  48202 

Daaa  B.  A.  Bolay 
Horthwaatara  Doivaraity 
Dapartaaat  of  Xivil  Eagiaaariag 
Evaoatoo,  Xlliooia  60201 

Profaaaor  P.  6.  Hodga,  Jr. 
Doivaraity  of  Mioaaaota 
Dapartaaat  of  Aaroapaea  Eoginaariog 
aad  Maehaaiea 

Miaaaapolia,  Miaoaaota  55455 

Dr.  D.  C.  Dniekar 
Doivaraity  of  Xlliaoia 
Daaa  of  Eagiaaariag 
Drbaoa,  Xlliaoia  61801 

Profaaaor  R.  M.  Rawaark 
Doivaraity  of  Xlliaoia 
Dapartaaat  of  Civil  Eagiaaoriog 
Drbaoa,  Xlliaoia  61803 

Profaaaor  E.  Baiaaoar 
Doivaraity  of  California,  Sao  Diago 
Dapartaaat  of  Appliad  Naehaaiea 
La  Jolla,  Califoraia  92037 

Profaaaor  Villiaa  A.  Baah 
Doivaraity  of  Naaaachuaatta 
Dapartaaat  of  Maehaaiea  aad 
Aaroapaea  Eagiaaariag 
Aaharat,  Maaaaehaaatta  01002 
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Onivcrsieies  (Coa't) 


Univtraicics  (Coa't) 


Profctsor  G.  B«rra«na 
Stanford  Unirarsity 
DepartMOt  of  Applied  Meehaniea 
Stanford,  California  94305 

Profeaaor  J.  D.  Aehenbaeh 
Northwest  University 
Departaent  of  Civil  Engineering 
Evanston,  Illinois  60201 

Professor  S.  B.  Dong 
University  of  California 
Departaent  of  Meehaniea 
Los  Angeles,  California  90024 

Professor  Burt  Paul 
University  of  Pennsylvania 
Towns  School  of  Civil  and 
Mechanical  Engineering 
Philadelphia,  Pennsylvania  19104 

Professor  H.  U.  Liu 
Syracuse  University 
Departoant  of  Cheaieal  Engineering 
and  Metallurgy 
Syracuse,  Mew  York  13210 

Professor  S.  Bodnar 
Technion  R&D  Foundation 
Haifa,  Israel 

Professor  Werner  Goldsmith 
University  of  California 
Oepartsant  of  Mechanical  Engineering 
Berkeley,  California  94720 

Professor  R.  S.  Rivlin 
Lehigh  University 
Center  for  the  Application 
of  Mathematics 

Bethlehen,  Pennsylvania  18015 

Professor  P.  A.  Cosxarelli 
State  University  of  New  York  at 
Buffalo 

Division  of  Interdisciplinary  Studies 
Karr  Parker  Engineering  Building 
Cheaistry  Road 
Buffalo,  New  York  14214 


Professor  Joseph  L.  Rose 
Drexel  University 

Departaent  of  Mechanical  Engineering 
and  Mechanics 

Philadelphia,  Pennsylvania  19104 

Professor  B.  K.  Donaldson 
University  of  Maryland 
Aerospace  Engineering  Department 
College  Park,  Maryland  20742 

Profeaaor  Joseph  A.  Clark 
Catholic  University  of  America 
Department  of  Mechanical  Engineering 
Washington,  D.C.  20064 

Or.  Samuel  B.  Batdorf 
University  of  California 
School  of  Engineering 
and  Applied  Science 
Los  Angeles,  California  90024 

Professor  Isaac  Fried 
Boston  University 
Department  of  Mathematics 
Boston,  Massachusetts  02215 

Professor  E.  Kresipl 
Rensselaer  Polytechnic  Institute 
Division  of  Engineering 
Engineering  Mechanics 
Troy,  New  York  12181 

Dr.  Jack  R.  Vinson 
University  of  Delaware 
Departamnt  of  Mechanical  and  Aerospace 
Engineering  and  the  Center  for 
Composite  Materials 
Newark,  Delaware  19711 

Dr.  J.  Duffy 
Brown  University 
Division  of  Engineering 
Providence,  Rhode  Island  02912 

Dr.  J.  L.  Swedlow 
Camegie-Mellon  University 
Department  of  Mechanical  Engineering 
Pittsburgh,  Pennsylvania  15213 
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Oniv«r»iti«i  (Coa't) 

Dr.  V.  K.  Varadan 

Ohio  Stata  Univaraity  Kaaaareh  Foundation 
Dapartaant  of  Enginaarins  Machanica 
.Coluaboa,  Ohio  43210 

Or.  Z.  Rashin  .  . 

Dnivaraity  of  Pannaylvania 
Dapartaant  of  Metallurgy  and 
Material a  Seianea 
Collage  of  Engineering  and 
Applied  Seianea 

Philadelphia,  Pannaylvania  19104 

Dr.  Jaefcaon  C.  S.  Yang 
Onivaraity  of  Maryland 
Dapartaant  of  Meehanieal  Engineering 
Collage  Park,  Maryland  20742 

Profeaaor  T.  T.  Chang 
Onivaraity  of  Akron 
Dapartaant  of  Civil  Engineering 
Akron,  Ohio  44325 

Profeaaor  Charlaa  V.  Bart 
Onivaraity  of  Oklahoaa 
Sehool  of  Aaroapaea,  Meehanieal, 
and  Ruelaar  Engineering 
Noraan,  Oklahoaa  73019 

Profaaaor  Satya  R.  Atluri 
Georgia  Xnatituta  of  Taehnology 
Sehool  of  Engineering  and 
Maehaniea 

Atlanta,  Georgia  30332 

Profeaaor  Grahaa  P.  Carey 
Onivaraity  of  Taxaa  at  Auatin 
Dapartaant  of  Aaroapaea  Engineering 
and  Engineering  Maehaniea 
Auatin,  Taxaa  78712 

Dr.  S.  S.  Wang 
Onivaraity  of  Xllinoia 
Dapartaant  of  Thaoratieal  and 
Applied  Maehaniea 
Orbana,  Xllinoia  61801 

Profeaaor  J.  P.  Abel 
Cornell  Onivaraity 
Dapartaant  of  Thaoratieal 
and  Applied  Maehaniea 
Ithaea,  Rev  York  14853 


Oniveraitiaa  (Con't) 

Profeaaor  V.  H.  Maubert 
Pannaylvania  Stata  Onivaraity 
Departaant  of  Enginaaring  Seianea 
and  Maehaniea 

Onivaraity  Park,  Pannaylvania  16802 

Profaaaor  A.  W.  Leiaaa 
Ohio  Stata  Onivaraity 
Dapartaant  of  Enginaaring  Maehaniea 
Coluabua,  Ohio  43212 

Profaaaor  C.  A.  Brabbia 
Onivaraity  of  California,  Irvine 
Dapartaant  of  Civil  Enginaaring 
Sehool  of  Engineering 
Irvine,  California  92717 

Dr.  George  T.  Hahn 
Vanderbilt  Onivaraity 
Meehanieal  Engineering  and 
Materiala  Seianea 
Raahville,  Tenneaaee  37235 

Dean  Riehard  R.  Gallagher 
Onivaraity  of  Arizona 
Collage  of  Enginaaring 
Tueaon,  Arizona  85721 

Profaaaor  E.  P.  Rybieki 
The  Onivaraity  of  Tulaa 
Dapartaant  of  Meehanieal  Enginaaring 
Tulaa,  Oklahoaa  74104 

Dr.  R.  Raftka 

Xllinoia  Xnatituta  of  Taehnology 
Dapartaant  of  Maehaniea  and  Meehanieal 
and  Aaroapaea  Enginaaring 
Chieago,  Xllinoia  60616 

Profeaaor  J.  6.  de  Oliveira 
Maaaachuaatta  Xnatituta  of  Taehnology 
Dapartaant  of  Oeaan  Engineering 
77  Naaaaehuaatta  Avenue 
Caabridga,  Maaaaehuaatta  02139 

Dr.  Bernard  V.  Shaffer 
Polytechnic  Xnatituta  of  Raw  York 
Route  110 

Paraingdala,  Raw  York  11735 
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lodttstry  md  Initituf  ■ 

Dr.  Roraan  Hobbs 
Ksasa  AviDyos 
'  Diyision  of  Hsui 
V  Scisaess  CorporsCioa 
Burliagton,  KassaebussCCs  01803'  - 

Arsonna  Hacional  Laboratory 
Library  Sarvieaa  Oapartaaat 
9700  South  Caas  Avaoua 
Argoaaa,  Xlliaola  60440 

Dr.  M.  C.  Juagar 
Caabridgt  Acoustical  Associates 
54  Riadga  Avaoua  Eztaesioo 
Caabridga,  Masaachusatts  02140 

Hr.  J.  B.  Torraoca 
Gaoaral  Dyoaaies  Corporatioo 
Elaetric  Boat  Divisioo 
GrotoO)  Coaoecticut  06340 

Dr.  J.  E.  Graaospoo 

J.  C.  Eogiaaariog  Sasaarch  Associates 

3831  Maolo  Drive 

BaltiaMra,  Mary lead  21215 


ladustry  aod  Rasaatch  lastitutas  (Coo't) 
Dr.  T.  L.  Gears 

Lockheed  Missiles  aod  Space  Coapsoy 

3231  Haoover  Street 

Palo  Alto,  Califoraia  94304 

Mr.  Williaa  Cayvood 
Applied  Physics  Laboratory 
Johos  Bopkias  Road 
Laurel,  Marylaod  20810 

Dr.  Robert  E.  Duohaa 
Pacifica  Taehoology 
P.O.  Box  148 

Dal  Mar,  Califoraia  92014 

Dr.  M.  P.  Kaaoioao 
Battalia  Colu^us  Laboratories 
505  Eiog  Avaoua 
Colu^us,  Ohio  43201 

Dr.  A.  A.  Bochraio 
Daadaleao  Associates,  loc. 

Spriaglaka  Research  Road 
15110  Frederick  Road 
Voodbiaa,  Marylaod  21797 


Bawport  Raws  Shipbuildiog  aad 
Dry  Dock  Coopaoy 
Library 

Rawport  Raws,  Virgioia  23607 

Or.  W.  F.  Bosieh 

MeOoooall  Douglas  Corporatioa 

5301  Bolsa  Avaoua 

Buotiogtoo  Beach,  Califoraia  92647 

Or.  H.  R.  Abraasoa 
Southwest  Rasaareb  Xostituta 
8500  Culabra  Road 
Sao  Aatoaio,  Tasas  78284 

Dr.  R.  C.  DaBart 
Southwest  Research  lastituta 
8500  Culabra  Read 
Sao  Aatoaio,  Taxas  78284 
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